955 e % % %)
L Bx R ) A4 WG 0

1 L,A, YV, =,

AUB AND  A-B=§x|XeANXEB] | {Teflexive R —
a . z$ 'g ‘ﬂ’ ‘e?% iTreFIEXWQ Simple Graph Undirected | No NO

_ _ | Multigraph Undirected | Yes No
Some important equivalences: U B — A ) .
| | | — - - Pseudograph Undirected | Yes Yes
O Ident.lty I.aws pVF & p pAT &p A pd u = A A @ B = ( A B ) ( . Directed graDh Directed NO Yes
O Domination laws pVvTe&T pAFeF Ssm me'trl C Directed multigraph | Directed | Yes Yes
[J Idempotent laws pVpep PAPES D
0 Complementation law -(—p) & p SET ID E NTITIES a n't' sv m me 'tr‘l C
[0 Commutative laws pVqg&e qVp PAGQES qAD —-— l)'t N 2
. o ’1’5 5%\@1 'j
O Associative laws pV(gVvr)e (pvg)Vvr Identity laws AU Q) - A ANl = 4 ‘t'mn Sit]‘\/'e,
il Domination laws AuU=U AND =0 K r‘:e]g
0 Distributive laws pA(gvr)e (pAqg)V(pAT) Idem potent laws AUA=— A ANA=A . u) h w
| pV(gAr)& (Ve A(pVr) Complementation law T — A. *{g}j’%%\ﬁq lﬂ El )
[J Laws of excluded middle pA-p< F pVv-p& T ! (2.) C @
| Commutative laws AUDB = B1LJA ANB=BNA “
[J Absorption laws pA(pVq) & p - = | . ¥ 9] .
o Wil K B Associative laws AUu(BUC)=(AUuB)U( @ R - U R!
[J De Morgan's laws -(pVq) & pA-q “\ M (If A (') — (“‘ M lf) M (._' .l.gl (3) W'\ %
s gl e Y Distributive laws AUu(BNnC)=(AuB)N(AuC)

AN(BUC)=(ANB)U(ANC) ( Rn %Em %ﬁ@ﬁ@kﬁ)
). ft)’?‘J %),tm (MHRE‘E?\,) DNE Laws of excluded middle AN A = () AUA=U . e

Absorption laws AN(AUB)=A (@ WARSHALL ?:’i\. ‘Flﬁl.’é =1 hd
(A“ AA12 A~ Am) V-V (A N A - - N Arax) De Morgan’s laws AUB=ANB ANB=AUB
OO I
#oNFBE - OBl 7/ /= 1917 DNF) Woz| 1209 wi=Waz| 10 1
2 {3 % 23 0 o0 | (5) =%» 12| ( Biportite 9’“1’”’)
@ HA RifA 2. B (Pe) 3 ) ol o 00 ! 9 piE| (Bip
. \ . . . G 0W I - _ ;fofiif —
SN ). BPR1RY foPk & 897 Wy=[ 1o 1) was= E: ! " 3. 8% KE¥Y {
AP) VIANT _ Ho | >k . D |
B DNF 2 FDI:((QH? (AAP) V(ANTP)) 0 PR AUB|= 1AI+IB) = 1ANB)] o7 10, 1) Apd% REFY (odjocent)

* : i mmetric /transitive ) KH. &E#G [ incidence)
kel o RBRE B AERAE -T- —¥R%E . Fik  refledte [ sprmetric /tmansit

e Rules of Inference 3. Rule of Addition 6. Rule of hypothetical syllogism ; ;"
Op Lp—q m‘)AEB

edges and loops

4. »%) partition 4. 8719 H

1gl_zai 2f detachment or modus ponens :':;Ie:::'S:;]VDTiﬁcation Sl_éle;%;re' L \ % % . l | metr ic mns;tive 5 | @ ﬁ"] )3 ,_m }g i lff' U e i st R
Thanes. Opre S ‘ P _ —o _ , reflexive  antisym B F
I tolllens 5,T|Ru|efof c;njunction 7. Rule of disjunctive syllogism .va %y 1{) %&a\ ( 5 % E 3& 6; 91 7& ) ﬁ 1"2 i? 5 %7% :F &l@ Q ? 1’&-%‘% E .bb‘,ﬁé: ‘ﬁ] l@ %

8 LpVyg /\
p—q, p 0] —p N 0 > ) Defmltlon The removal of a vertex and all edges inci- ‘

O q - T2 1 dent with it produces a subgraph with more connected
O —gq Theref X A . D o : > .
Therefore, pAgq ereiore, g : components than in the original graph. Such vertices are

Therefore, —p called cut vertices.

An edge whose removal produces a subgraph with more

S connected components than in the original graph is called
& \E :a . w % m?& i a cut edge or bridge.
[} L )
UL \ ) y 0 Hﬂ SSE Dm_am"‘ @ [ MAXIMAL AND MINIMAL ELEMRNTS . -

cut vertices of G: b,¢, €
2) Another important proof technique is contradiction. Definition: Let (A, X) be a partial ordered set, B C A. g iy e e i
2 Cut edges or G:. {a,b¢, 1c,€
The proof of p — ¢ by contradiction consists of the fol- 8 - 1) a is a maximal element (2 XJc) of B: a € B A There p 5 . h ? U, b el
lowing steps: ‘2 mx R IS no x € B such that a < =. '

— Assume p is true and gq is false 4. b is a minimal element (#z2/hJt) of B: b€ B A There

— Show that —p is also true. - — —-— ﬁ\ ~ 6 ‘ - FRER SSRGS 5 = s o @ m @ ﬁq 3% E}% 5 6’5ﬁ&'%
— Since the statement pA (—p) is always false. (Contradiction!) @ ‘,9 i‘? )\\ ‘[9 & hﬁ)% i Z 2 /‘l& ( \W 2) a is the greatest element (i KJt) of B: a€ BAVz € \

B(x < a)
- .
((1)1 Apo A+ A 1),,) — (1)(*) & ﬂ(pl ApoA--- A 1),,) V q 5 % k N b is the least element (1&1;’{/]‘11';) of B: b€ BAVx € B(’) j
& =(p1AP2 A Apn A-g)*F®)

. 318 Ao ks i) a1 BEYE BN

(*) is a tautology if and only if (¥*) is a contradiction. @ I ZAI > ' A l ' EQ |)\i’ . ) i T A )
8% ( predicatesy Bid) ( quontifiers) kFExr => A" (A=A
5 . Ygve ( pre icates) \O uont Jie \ T MR > = @ , -~ -~ zngifﬁ;eﬁan?vfé’fs'?fgE&_téc/sciﬁisgjx’?;?ggﬁgof.-'rf \
< ,J, Y E-Mail: xiaogangj@cise.zju.edu.cn 3
A {ékﬁﬁ] y ® 23R A7 I o BAR (ZAT H0R) . ERIRBE B v/@%%ﬁf}%

A (,S ) Definition: (continued)
&%{t ﬁ?l V?Eh LY 3) c¢is an upper bound of B: ce AAVzxe B:xz <ec. . )_. .
ﬁﬁ" Vq a de Ais an lower bound of B: de€e AANVx e B:d < x. % & )}j E )ﬁ
O O 0 aOO a0| c = o . O LATTICES 4) ¢ is an least upper bound of B: ¢ is a upper bound KX#ﬁ m % ( )E ““
Definition: A partially ordered set in which pair of ele- of B and Vz is a upper bound of B = ¢ < . (‘)

ments has both a least upper bound and a greatest lower d € Ais an greatest lower bound of B: d is a lower

1) When all the elements in the universe of discourse can l 0 . 0|o a” = T bound is called lattice. bound of B and Vzis a lower bound of B = = < d. - ] -VT l, T p
be listed say, ri1,Zo, -+ ,xn, then mjk {i [ l 7 )ﬁ? ( ’
Example: 1) Is the poset (Z,|) a lattice? L

VeP(z) & P(x1) AP(x2) A--- A P(zp)
JxP(z) & P(_,-l) \/ ]”(_,-f,) A sss ]”(',-“). l O . Ou au all . = 2) Is the poset ({1,2,3,4,5},|) a lattice?

. 3) Determine whether (2°5,C) is a lattice whether S = &‘\7 1’~ @ [@% BR ¢ @ 3,‘2 )
2) VaVyp(z,y) < YyVaep(z, y) {a,b,c}. 2 > k L

i F5REE
Jz3yp(z, y) © JyIap(z,y) 3

But S m& b - O . bO b\ X bVl . (2) D%%%& % )3 "é jT s\‘sis )

Example: Vz3y(z +y = 0) and 3yVz(xz + y = 0) l ‘_f a 0. * l

— have different truth values. b' — | ) ‘p%'% (b?(\/g] 5'%
-2 It . BB R I

Some important Equivalent Predicates Formula

e De rv_l‘c;r;zf(:r')ssv;i ﬂflc))(r;;redicates: @l %& %\/’]?7‘%\1% : '{4:%\):)3‘7 u\\fg t& Z‘_;kD V‘ fp\J );/\]g]ﬁ D%% ‘bﬁ @

—Jdzp(z) & Ve-p(x)

zp(x zp(a . 4
e Quantifiers — handle with care! /. ﬁﬁq\ /%gq ! a&gT

Ve(p(z) A g(z)) & (Vzp(z)) A (Vz(g(z))

Je(p(z) V ¢(z)) < (Fzp(z)) v Qz(q(e y, - ~\ ¥
(p(z) v o)) & Bzp(2)) v (3o (q(2)) a. DB 3C., 27X >k ’E] (‘f(X)K le’\, 7. %Ragyg»ﬁélﬂf@

But B35 s
% Ve(p(z) V q(x)) ¢ Vaep(x) VVxqg(x) ( “« 7 still holds)
Jz(p(z) A q(z)) & Jep(x) A Jz(q(z)  ( “=  still holds) - . ) :*
N = TX)=0 (?LX)) o D‘-J ketra Eﬁ A
BT X i8R
e More logical equivalence: ﬁ .
1) AAVzqg(z) © Vz(AAqg(x)), x is not occurring in A SL \ @ 1)}\ -

AvVvVzq(z) & Vz(AVqg(x)), = is not occurring in A 8 * @ )%‘

Veq(z) - A < Jx(g(x) — A), = is not occurring in A .
A = Vaqg(z) © V(A — qg(x)), « is not occurring in A - ( 'ﬁj ; K‘ )
<\ > ~ N ’e-\—r',*k )\ 3&\1
‘;'T ﬁ'&f? ‘I%\ ) gyé IZ ’L\
2) AA3Jzqg(z) & Jxz(AAqg(x)), = is not occurring in A n
AV 3dzq(z) & 3z(AV qg(x)), = is not occurring in A

Jzq(z) - A & Va(q(z) — A), x ?s not occurr?ng ?n A I v\,‘\*a miq;‘)\ mfr Z\Ia\%)s —> CWH-V\"l ﬁi{,]l G"\f:] ?@@ LV}B) ='; e 5 3\/ - é

A — Jzqg(z) & F2(A — g(x)), x is not occurring in A

SRS THONE A . éﬂi}\%‘»

\ . : o
Theorem: Suppose that {an} satisfies the linear nonho- &
a-j il"" > . o ) | . : o 3?5&""’5 Mogeneous re(':oprrence rel;{t%}n N T Theorem: (Kuratowski's theorem (1930))
eorem Let ¢q,---,¢, be real numbers. Suppose tha u u | An = C1Qp_1 CoOQp_o , : : ,
- . A graph G is nonplanar if and only if G contains a subgraph
the characteristic equation rk clrk_l —--—¢cp =0 hast .y m— R E ClQpy I —+ F(n) where cq, - - , CJ. Are real numbers, and grap G : P " x Y G gfap
distinct roots ry,--- , 7 with multiplicities mq,--- ,mq, re- i F(n) = (bynt +bs_1nt=L 4 +byn—+bg)s™, where by, , b, homeomorphic to Kgs or K3 3.
[0 PRENEX NORMAL FORMS : .
spectively, so that m; > 1 for:=1,2,--- .t and m1+m»>+ and s are real numbers
— . = k. Then the sequence IS a solution of the : . :
e Motivation: rec+r:Z:1ce relation ) +{an} 44 - 4,3?('\'.; 1) When s is not a characteristic root of the associated
- i ifi u | An = C1Qp_ CoOQp— v CLGyy 1 | _ , _ ,
It §|mpllf|es the surface structure of th<.e sentence. n 14n—1 2Un—2 kYn—k linear homogeneous recurrence relation, there is a partic-
— It is useful to automated theorem proving. mq—1vy,.n
an = (@10 +ar1in+ -+ a1 mn )1 ular solution of the form
—~1
Definition: A formula is in prenex normal form if it is of + (OQ’O T . oo az’mzan )7'31 (ptnt + pt_lnt—l + o + pim + pO)Sn.
o b e ° + -+ (ot aint -+ agmn™ )y 2) When s is a characteristic root with multiplicity m,
B s e Dol forn=20,1,2,---, where «; ; are constants. there is a particular solution of the form
nn 7@%&5& ™m t t—1 s % s n
where Q:(i = 1,2,---,n) is ¥ or 3 and B is quantifier free. n" (pen” + pr_1n + + pin + po)s”.
e Algorithm of prenex normal form .
Any expression can be converted into prenex normal form 3 &ﬁx &' %&
by the following steps: K
. . Table 1 Useful Generating Functions. q -— K-l-u' ’ o ('——\)
1. Rename bounded variables if necessary. -
2. Eliminate all connectives — and . (14+2)"=37_,C(n, k)zk C(n, k)
3. Move all negations inward such that, in the end, nega- (14 az)” = S0_,C(n, k)afz" C(n, k)a”
tion only appear as part of literals. (L4 2")" C(n,k/r) if r|k; O otherwise g e E:)-
1—gentl L . _ .
4. Standardize the variables a part(when necessary). 1156—:1; = Z’:kow L it k£ < n; O otherwise
— =Y 7 1
5. move all quantifiers to the front of the formula. 1_15'j — "“goo T "
T—az  2k=0% < o
T =300 gt 1 if r|k; O otherwise
LY 1 —_— OO k
- BB % (o = Sizo(k + 1) EZ
— / “ (= a:)”_z C(n—l—k 1 k)x Cn+k+1,k)
— OO . k 1\ k
1 METHODS OF PROOF (Continued) (1+a:)n Zk oC(”JFk 1,k)(=2)" | (=1)"C(n+k+1,k)
— for predicates 3 Zk 0 k' 1/k!
e Rules of Inference for quantifiers \ '%‘]%

1. Universal instantiation(UI)
O Va € D, P(x) *é z& ﬁ" E&éﬁﬁk Z
OdeD
Therefore P(d)

2. Universal generalization(UG)
O P(d) for any d € D
Therefore VaP(x)

3. Existential instantiation(EI)
U3z € D
O P(z)
Therefore P(d) for some d € D

4. Existential generalization(EG)
[0 P(d) for some d € D
Therefore JaP(x)



